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Quantum pumping through mesoscopic quantum dots is known to be enhanced by resonant trans-
mission. The pumped charge is close to an integer number of electrons when the pumping contour
surrounds a resonance, but the transmission remains small on the contour. For non-interacting elec-
trons, we give a quantitative account of the detailed exchange of electrons between the dot and the
leads (to the electron reservoirs) during a pumping cycle. Near isolated distinct resonances, we use
approximate Breit-Wigner expressions for the dot’s Green function to discuss the loading/unloading
picture of the pumping: the fractional charge exchanged between the dot and each lead through a
single resonance point is related to the relative couplings of the dot and the leads at this resonance.
If each resonance point along the pumping contour is dominated by the coupling to a single lead
(which also implies a very small transmission), then the crossing of each such resonance results in
a single electron exchange between the dot and that lead, ending up with a net quantized charge.
When the resonance approximation is valid, the fractional charges can also be extracted from the
peaks of the transmissions between the various leads.
PACS numbers: 73.23.-b, 73.63.Rt, 72.10.-d, 73.40.Ei
I. INTRODUCTION
There has been much recent experimental1,2,3 and
theoretical4,5,6,7,8,9,10,11,12,13,14,15,16,17 interest in adia-
batic quantum pumping through mesoscopic electronic
devices, such as quantum channels or quantum dots
(QDs). Typically, the QD is connected via leads to
several electron reservoirs, and is subject to a slowly
varying oscillating potential, with period T = 2π/ω.
Under appropriate conditions, the device yields a non-
zero dc time-averaged current between pairs of termi-
nals, even when the terminals have the same chemical
potential. Under ideal conditions, the charge Q trans-
ferred between the terminals during a period T may be
‘quantized’, i.e. very close to an integer times the elec-
tron charge e. Several recent theoretical studies have
considered enhancement of the adiabatic pumping cur-
rent due to resonant transmission through the QD, both
for non-interacting9,11,16,18,19 and interacting electrons20.
Connections between pumped charge quantization and
resonant transmission have been reported in different
contexts11,16,18,19,21,22.
Usually, the oscillating potential is characterized by
several time dependent parameters, {Xi(t)}. As time
evolves during one period T, these parameters follow a
closed contour in the parameter space. A schematic ex-
ample is shown in Fig. 1, for two such parameters. In
parallel to discussing pumping, one can also consider the
conductance between pairs of terminals, generated by an
appropriate bias. This conductance, which depends on
the parameters {Xi}, may have resonance peaks in the
same parameter space. In this context, one freezes the
time dependence, and considers the conductance at some
instantaneous values of the {Xi}’s. It has been argued11
that the pumped charge Q will be close to being quan-
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FIG. 1: (color online) Schematic picture of a two-dimensional
pumping contour, crossing the resonance line at two resonance
points (B and D). The transmission is maximal at the point
M .
tized if the pumping contour surrounds such a peak (e.g.
at the point M in Fig. 1), while staying at points with a
low conductance.
In the present paper we present an approximate theory
for adiabatic pumping of coherent non-interacting spin-
less electrons, which is valid for discrete and distinct res-
onances, and use this approximation to obtain physical
insight into the reasons for this quantization. Given a
conductance peak (e.g. at the point M in Fig. 1), one
can usually also identify a ‘resonance line’, along which
the conductance decreases from its peak more slowly than
along other directions11,16. Such a line is illustrated by
the dashed line in Fig. 1. In the example shown in this
figure, the resonance line is crossed by the pumping con-
tour twice, at points B and D. Measuring the instanta-
2neous biased conductance between the two relevant ter-
minals for each time t during the oscillation period, one
expects two local peaks at these two ‘resonance points’.
Under appropriate conditions, which include the limit of
weak QD-terminal coupling, most of the pumped current
arises when the parameters are close to these resonance
points: for example, one can identify a ‘loading’ of the
QD by some charge ∆Qresα , coming from terminal α, at
the point B, and an ‘unloading’ of the QD, by ∆Qresα′ ,
into terminal α′, at the point D. The resulting total
pumped charge per period approaches a robust, detail-
independent value QR, which is determined only by the
ratios of the coupling strengths between the QD and the
different reservoirs at the resonance points. We also show
that QR can be related quantitatively to the measured
values of the peak conductances. QR is (almost) quan-
tized (in units of e) when there is one dominant coupling
for each resonance.
Our results can be summarized in a very simple and
physically transparent way, by considering the occupa-
tion numbers of the quasi-bound state on the QD, corre-
sponding to each transmission resonance. Each time the
energy of such a state crosses the chemical potential µ
(which is the same in all reservoirs), the QD gains or loses
one electron, so that the total pumped charge flowing into
it (per period) is quantized. However, the distribution of
the pumped charge between different reservoirs is pro-
portional to the corresponding coupling strengths (tun-
nelling rates). Therefore the pumping current between
any two leads can be obtained by summing up individual
resonance contributions, with appropriate signs.
A similar ‘shuttling mechanism’ for pumping has been
used widely to interpret experiments2,3 in the Coulomb
blockade regime, when the energetics on the QD is dom-
inated by the electron-electron interactions23. In that
approach, electrons are transferred from a lead to the
dot and then from the dot to another lead, whenever
such transfers are favored energetically. In contrast,
Refs. 11,15,16,24,25 presented explicit quantum mechan-
ical calculations for pumping of non-interacting electrons,
calculated the total charge pumped during a full cycle
and emphasized the role played by quantum interfer-
ence in such processes. In some sense, the present pa-
per bridges between these points of view: in the limit
of weak coupling between the QD and the leads, we
do end up with a loading/unloading picture, even for
non-interacting electrons41. However, the details of the
charge exchanges during a pumping cycle are found to
be more complicated than in the ‘shuttling’ picture: at
a given resonance point, charge can usually be shared by
several leads. Apart from this, the conditions for the ap-
plicability of our loading/unloading picture are similar to
those of a single electron transistor2, in the sense that the
role of quantum interference is restricted to the definition
of independent single-particle resonances. In view of this,
there is room to conjecture that some of our results may
also apply in the presence of electron interactions.
The paper is organized as follows. In Sec. II we review
the physical assumptions of the model and the formulae
used for the calculation of the adiabatic current. We then
use these formulae to derive the current for a single reso-
nant state, by approximating the Green function on the
QD by a Breit-Wigner-type formula. In Sec. III we obtain
our main result — the adiabatically pumped charge for
a sequence of well-defined distinct resonances — and dis-
cuss possible applications and experimental verification.
To demonstrate this general picture, Sec. IV presents the
analysis of the pumped charge for a simple model15 of a
“turnstile” pumping device. A short summary concludes
the paper, in Sec. V.
II. ADIABATIC CURRENT
We consider a spatially confined nanostructure (the
QD) connected by ideal leads to the electronic reservoirs
with a common chemical potential µ and temperature
T . The total Hamiltonian for non-interacting spinless
electrons is
H = Hd +
∑
α
(Hlα + Lα + L†α) , (1)
Hd =
∑
mn
hmn(t) d
†
mdn , (dot) (2)
Hlα =
∑
k
Eαk c
†
αkcαk , (leads) (3)
Lα = λα(t)
∑
k,n
Jαkn c
†
αkdn . (hopping) (4)
Here Hd is the Hamiltonian of an N -state isolated QD
(n,m = 1, . . . , N), the index α = 1, . . . , L enumerates the
one-dimensional leads connected to the QD, c†αk creates
a standing wave |wkα〉 with wavenumber k and energy
Eαk in the channel α, the operator Lα describes hopping
from the QD into the channel α, and the λα’s are real di-
mensionless coefficients. For pumping we allow variation
of H(t) via the time-dependent parameters hmn and λα.
The instantaneous adiabatic current in the channel α,
directed from a remote reservoir towards the QD, has
been expressed in Ref. 15 as
Iα(t) =
e
2π
∫
dE f ′(E) Iα, Iα = 1
~
〈
χkα
∣∣H˙∣∣χkα〉 , (5)
where f(E) = 1/[1 + e(E−µ)/kBT ] is the Fermi-Dirac dis-
tribution and |χkα〉 is the instantaneous scattering state
normalized to a unit flux, 〈χkα|χk′α〉 = (2π/vkα) δ(k −
k′), with vkα = ∂Ekα/∂(~k) being the velocity in the
channel α.
In Appendix A we use standard scattering theory for-
mulae to rewrite this equation in the form
Iα(E, t) = Trd
[
G†d
(H˙d+ ˙ˆE)GdΓˆα+(Gd+G†d) ˙ˆΓα/2] .
(6)
3Here, the operators
Gd =
(
E + i0−Hd − Σˆ)−1 , (7)
Σˆ = Eˆ − iΓˆ/2 , (8)
Γˆ =
∑
α
Γˆα, Γˆα = iL
†
α(G
l
α −Gl†α )Lα , (9)
Eˆ =
∑
α
Eˆα, 2 Eˆα = L†α(Glα +Gl†α )Lα (10)
act only on the subspace of the QD. Also, Glα denotes
the retarded Green’s function of an isolated channel,
Glα = (E + i0 − Hlα)−1. We have separated the self-
energy operator Σˆ into a sum of resonance width and
shift operators26, Γˆα and Eˆα, which are Hermitian.
Equation (6) is a generalized version of the pump-
ing current formula derived in Ref. 24 for a particular
case of single mode tight-binding (TB) leads and time-
independent couplings.42 We next use the general result
(6) for the special case when the pumping is dominated
by a single resonance on the QD. Specifically, we discuss
localization of the accumulated charge and show that
variations of the charge density in the leads can be ne-
glected for a thermally broadened resonance (Sec. II B).
A. Pumping current due to a single level
The adiabatic current (6) can be calculated exactly,
provided that one is able to compute the Green’s func-
tion (7) on the QD. We are interested in the regime when
the transport is dominated by a single non-degenerate or-
bital state, as realized, for example, in a strongly-pinched
QD11,27. In this case the transitions between different
energy levels of Hd can be completely disregarded, and
instead of the general Eq. (2) it is sufficient to consider
Hdres = ǫ(t) |ψ〉 〈ψ| ≡ ǫ(t)d†d . (11)
The energy distance to the next resonant state, ∆, will be
assumed to be much larger than all other energies. ∆ can
be set either by the non-interacting effective level spac-
ing of an arbitrary Hd or by the Coulomb blockade away
from the Kondo regime28, as discussed in Ref. 11. In the
former case, for example, our approximation can be ap-
plied to the much studied double-delta barrier pumping
model9,14,29 in the resonant tunnelling regime9,11. The
energy level ǫ(t) may be different at different stages of
the pumping contour, as discussed later on in Sec. III.
The Green’s function corresponding to Hdres now as-
sumes the Breit-Wigner-like form30
Gd =
|ψ〉 〈ψ|
E − ǫ− 〈ψ∣∣Σˆ∣∣ψ〉 . (12)
Substitution of Eq. (12) into Eq. (6) gives
Iα = Γα E˙0 − Γ˙α (E0 − E)
(E − E0)2 + (Γ/2)2 , (13)
where E0(E, t) = ǫ+
〈
ψ
∣∣Eˆ∣∣ψ〉 and Γα(E, t) = 〈ψ∣∣Γˆα∣∣ψ〉.
Since the partial ‘width’ Γα is of order λ
2
α|Jαk|2, it rep-
resents a measure for the coupling of the QD with the
channel α. The exact adiabatic current for a single level
given by Eq. (13) will be the starting point for our anal-
ysis of the pumped charge in Sec. III. Breit-Wigner-type
expressions for the current pumped by a single orbital
level have been derived previously in the weak pumping
limit20, and in the presence of interactions and Zeeman
splitting21. However, they were not used to discuss the
details of the pumped charge quantization.
In the remainder of this section we discuss the physical
interpretation of Eq. (13). The total current, I =
∑
α Iα,
represents changes in the total charge accumulated both
on the dot and in the leads. For small dot-lead couplings,
one would expect that the charge on the QD itself is a
well-defined quantity and a simple picture of single elec-
trons tunnelling between the leads and the QD should ap-
ply. In order to clarify the relation between our quantum
calculation and this ‘classical shuttling picture’, we first
discuss the localization of the charge and then (Sec. II B)
use a standard master equation approach to re-derive the
current formula in the limit of Γ≪ kT .
Explicitly, Eq. (13) implies that the total current in
our model is a full time derivative, I = dQF(E0,Γ)/dt of
some time-dependent charge QF(t), where
QF(t) = −e
∫
dE f ′(E)
{
1
2
+
1
π
arctan
2(E − E0)
Γ
}
.
(14)
(We have chosen the integration constant such that QF/e
is bounded between 0 and 1.) The charge QF can be
interpreted28,31 as the additional charge induced in the
system by an extra impurity state |ψ〉, in the same way
as in the Friedel sum rule for the Anderson impurity
model31,32.
This delocalized charge, QF, is to be compared
with the local equilibrium occupation inside the QD,
which is given by Qocc/e = Tr[ρ |ψ〉 〈ψ|], where ρ =
h−1
∫
dE f(E)
∑
α |χkα〉 〈χkα| is the equilibrium density
matrix corresponding to H(t).43 Using Eqs. (A.1), (A.6),
and (12) one can show that
Qocc =
e
2π
∫
dE f(E)
Γ
(E0 − E)2 + (Γ/2)2 . (15)
If E0 and Γ were independent of E, then integration by
parts would yield the equality Qocc = QF. In general, E0
and Γ do depend on E, and hence Qocc 6= QF.
B. Alternative derivation in the limit Γ≪ kT
In the limit Γ ≪ kT , the interference effects in the
leads are expected to be irrelevant23,27 and the resonant
energy level E0(t) is characterized by its non-stationary
occupation probability P (t), which changes due to tun-
nelling. Following Ref. 33, we assume energy conserva-
4tion in the tunnel process and write down the total tun-
nelling current in the direction from the lead α into the
QD as
Iα = e(Γα/~) {[1− P ]f(E0)− P [1− f(E0)]} . (16)
The tunnelling rates Γα/~ should be calculated at E =
E0.
In equilibrium, the occupation probability Peq is
given by the Gibbs distribution in the grand canonical
ensemble33. For a single energy level it is the same as
the Fermi-Dirac distribution, Peq = f(E0). Substitution
of P = Peq into Eq. (16) gives a vanishing net current,
as anticipated from the detailed balance.
The kinetic equation for the non-equilibrium distribu-
tion is27,33
P˙ =
∑
α
Iα/e = (Γ/~)[f(E0)− P ] . (17)
For slowly varying Γ, E0, the time-dependent probability
P will relax quickly towards Peq. To get an adiabatic
solution, we substitute P = Peq + P˜ into Eq. (17) and
set dP˜ /dt = 0. The result is
P˜ = −~f ′(E0)E˙0/Γ . (18)
The current (16) corresponding to the adiabatic solution
(18) is
Iα = e(Γα/Γ)f
′(E0)E˙0 = e(Γα/Γ)P˙eq . (19)
(Non-adiabatic corrections can be also included, using
the exact solution of Eq. (17)34).
Now we can compare the current derived for kT ≪ Γ,
Eq. (19), to the general expression, Eq. (13), which is
valid for arbitrary kT and Γ. By considering Γ/kT as a
small parameter, one can perform the energy integration
in Eq. (5) with Iα given by Eq. (13) to obtain
Iα = e(Γα/Γ)f
′(E0)
[
E˙0 + E˙0O(Γ/kT ) + Γ˙αO(Γ/kT )
]
,
(20)
which is consistent with Eq. (19). The smallness of the
term with Γ˙α comes from the fact that it is multiplied
in Eq. (13) by an odd function of (E0 − E). Similarly,
the integrals in Eqs. (14) and (15) give the leading order
equalities Qocc = QF = ePeq.
We conclude that in the case of a thermally broadened
resonance, the simple tunnelling picture which considers
a well-defined charge on the QD is consistent with the
general scattering approach leading to Eq. (13).
III. RESONANCE APPROXIMATION
The Breit-Wigner form (13) of the pumping current
demonstrates a well-established fact9,11,16, that pump-
ing is greatly enhanced near a resonance. The resonance
condition is |E0 − µ| . D, where D = max(Γ, kT ) is
the energetic width of the resonance. One option, con-
sidered in Ref. 20, is to design the pumping contour in
such a way that the system stays entirely at resonant
transmission. In this case, the Breit-Wigner approxima-
tion does not lead to any pumped charge quantization20.
Here we focus on a more generic case, when the resonance
condition is satisfied only during a small fraction of the
pumping cycle, as the system goes through a resonance
point. As shown in Refs. 11,16,18,19, this situation al-
lows for pumped charge quantization. Specifically, we
assume that the system remains near a resonance point
only during a small fraction of the pumping cycle. This
requires relatively narrow resonances, i. e. small widths
D and therefore also small Γ.
Consider a resonance time tR on the pumping contour,
identified by the resonance condition E0(µ, tR) = µ. This
identifies a ‘resonance point’ on the contour. Assume also
that the system ’crosses’ this resonance point completely
between times t1 and t2, such that
1. Γα, E0 are energy independent around the Fermi
surface (for |E − µ| . kT );
2. at the ‘boundary’ times, the system is far from the
resonance, D ≪ |E0(µ, t1,2)− µ| ≪ ∆;
3. while at resonance, the couplings change negligibly,
|Γ˙α| ≪ |E˙0|.
Under these conditions, we can integrate Eq. (13) and get
the charge transferred from the reservoir α in a simple
form:
∆Qresα =
∫ t2
t1
dt Iα = −eΓα
Γ
sgn E˙0 , (at E0 = µ).
(21)
For this particular resonance point, other parts of the
pumping contour contribute negligibly to this charge.
Equation (21) is our main result for the pumped charge
due to a well-defined resonance point. We will refer to
this result as ‘the resonance approximation’. In this ap-
proximation, each reservoir contributes on average a frac-
tion of the electronic charge, which is proportional to the
corresponding fractional decay width or coupling Γα/Γ.
The total change in the charge accumulated in the system
due to this particular resonance is thus
∆Qres ≡
∑
α
∆Qresα = ±e . (22)
This result can be easily generalized for several inde-
pendent resonance points. If the pumping contour can
be separated into several parts, each containing a single
well-defined resonance point, and if the pumping currents
on the rest of the contour remain negligible, then the to-
tal charge QRα , pumped through the channel α, is given
by a sum over the resonances: QRα =
∑
res∆Q
res
α . For a
periodic H(t), the pumping contour is closed, and charge
5conservation
∑
αQ
R
α = 0 is ensured by Eq. (22) and the
fact that the number of loading (E˙0 < 0) and unloading
(E˙0 > 0) resonance points is the same.
A. Pumped charge quantization
Equation (22) can be interpreted as the load-
ing/unloading of exactly one electron into/out of the QD,
depending on the sign of E˙0 at the Fermi level. Further-
more, Eq. (21) implies that ∆Qres is dominated by the
current from a single channel α, provided that Γα ≫ Γα′
for α 6= α′. If the same applies to all the resonances,
then we end up with a “classical” picture, in which the
pumping cycle contains a sequence of individual discrete
events, of exchanging electrons one by one between a
reservoir and the QD. After a full cycle, the charge on
the QD will remain unchanged, and an integer number
of electrons will have crossed the QD between any pair
of reservoirs. This gives a detailed explanation of the
pumped charge quantization within this approximation.
Using the same conditions as used to derive Eq. (21),
one can show that both ∆QF ≡ QF (t2) − QF (t1) and
∆Qocc are equal to ∆Qres. This means that every time
the system crosses a resonance point, the charge associ-
ated with the resonant state changes by ∼ ±e. There-
fore we stress that if one is interested in the total charge
pumped by a single resonance (and not, for example, in
the lineshape of the current, Eq. (13)), then the simple
picture of loading/unloading of a single electron, as re-
flected in Eq. (21), is applicable — regardless of the ratio
Γ/kT .
We also note that for such an ideal quantization (QRα →
e × integer), that is independent of the contour details,
one would need to consider the limit Γα ≈ Γ → 0 for
each resonance; the resonance approximation becomes
exact, with results which are independent of the details
of the contour, when Γ→ 0, and the charge goes only via
channel α when Γα/Γ→ 1. As explained in the next sub-
section, this implies a vanishing transmission throughout
the whole pumping cycle, in accordance with the conclu-
sions of Refs. 11,35.
B. Relation to conductance
The criteria for the validity of the resonance approx-
imation, listed in the previous subsection, can be quan-
titatively checked in experiments (or in numerical calcu-
lations) by monitoring the conductance between differ-
ent leads as a function of parameters along the pumping
contour11,16. A definitive signature of the relevant trans-
port regime (for having a significant non-zero pumped
charge) would be the presence of an even number of well-
separated peaks in the conductance time trace: each res-
onance (M in Fig. 1) is associated with two peaks in
the instantaneous transmission, encountered at the two
resonance points (B and D) where the pumping contour
crosses the resonance line on each side of the resonance,
as schematically shown in Fig. 1. Note that this mea-
surement is independent of time: one simply measures
the conductance at different points on the pumping con-
tour.
The contribution of each particular conductance peak
to the pumped charge can be calculated along the fol-
lowing lines. Application of the general expression of the
transmission probability26 from channel α′ to channel α,
Tαα′ = −
∫
dE f ′(E)Tr[G†dΓˆαGdΓˆα′ ], to our resonance
model (as defined in Eq. (11)) gives the standard Breit-
Wigner30 result (see e.g. Ref. 27):
Tαα′ = −
∫
dE f ′(E)
Γα′Γα
(E − E0)2 + (Γ/2)2 . (23)
Let us consider for simplicity an example of L single-
mode leads. By using the multi-terminal Landauer
conductance formula36 for spinless electrons, Gαα′ =
(e2/h)Tαα′ , in Eq. (23), we recover well-established27 re-
sults for the peak conductance of a strongly pinched QD,
that are related to Eq. (21) in an extremely simple way:
Gpeakαα′ =
e2
h
4ΓαΓα′
ΓD
≡ 4Γ
hD
∆Qresα ∆Q
res
α′ , (24)
where
D =
{
Γ, kT ≪ Γ,
(8/π)kT, kT ≫ Γ. (25)
Measurements of the peak conductance at a particular
resonance point for fixed temperature and all possible
combinations of source and drain leads would give, in
principle, (L2 − L)/2 experimental values to be used in
Eqs. (24). Together with Eq. (22), this gives (L2−L)/2+
1 equations for the L + 1 unknowns ∆Qresα and Γ/D.
Measurement of the temperature dependence of Gpeakαα′ (T )
would yield D(T ), and thus determine Γ. We see that
even for L = 2 it is possible to predict the adiabatically
pumped charge from the conductance measurements, and
for L > 2 different cross-checks become feasible.
Additional input of a few bits of information is neces-
sary to make the solution of Eqs. (24) and (22) unique.
For a specific resonance ‘res’, all the charges ∆Qresα (for
all α) have the same sign, determined by the type of the
resonance: “+” for loading and “−” for unloading, see
Eq. (21). An additional sign uncertainty arises in the
case of two terminals (α = l, r): the respective equation
for the pumped charge, ∆Ql(e−∆Qr) = Gpeaklr (hD/4Γ),
is symmetric under inversion, l ↔ r. The resolution of
these uncertainties depends on the particular experimen-
tal situation, and should be easy in simple cases. We
illustrate this point in Sec. IV below, when we discuss a
two-terminal example.
C. Adiabaticity condition
One condition for the validity of the adiabatic picture
requires that an electron should have enough time to tun-
6nel under the barriers while the system is at resonance.
Thus, the inverse tunnelling rate ~/Γ should be much
smaller than the duration of the resonance, τr = D/|E˙0|,
yielding the adiabaticity condition,
~|E˙0| ≪ ΓD . (26)
This condition implies that both the amplitude and the
frequency of the pumping potential must be sufficiently
small for an adiabatic pump25. The resonance duration
τr can be extracted from measurements of the conduc-
tance as follows: measuring the variation of the con-
ductance through the resonance, using a very low fre-
quency ω0, would yield the resonance width τr0 for that
frequency. The value of τr relevant for the pumping ex-
periments can then be found by rescaling, τr = τr0ω0/ω.
At zero temperature, D = Γ and the condition (26)
can be compared to the adiabaticity criterion for co-
herent pumping formulated recently by Moskalets and
Bu¨ttiker29. They consider the number of side-bands nmax
required to describe adequately the Fourier transform of
the instantaneous scattering matrix. In our case the res-
onant peak of transmission in the time domain has the
width τr, and the number of relevant Fourier harmonics
nmax is at least (ωτr)
−1, where ω is the cyclic frequency
of the pump. The adiabaticity criterion of Ref. 29 states
that the scattering matrix should vary little with energy
over the range E ± ~ωnmax. Since our characteristic en-
ergy scale for the scattering matrix is Γ, the condition of
Ref. 29 takes the form Γ ≫ ~ωnmax = ~τ−1r , equivalent
to Eq. (26).
For a thermally broadened resonance, the adiabaticity
condition follows also from the requirement that the first
order correction P˜ to the adiabatic solution of the kinetic
equation (17) remains small: P˜ ≪ 1 ⇒ |f ′(E0)E˙0| ≪
Γ/~⇒ Eq. (26).
D. Application to complicated pumping potentials
In the resonance approximation, the pumped charge
is expressed in terms of the resonance points, where the
pumping contour crosses the resonance lines, and do not
require the full information on the contour in the param-
eter space. We now discuss the conditions under which
Eq. (21) can be used to obtain efficient approximate esti-
mates of the pumped charge for a model Hamiltonian
Hd, which is complicated enough to render an exact
integration24 of Eq. (6) impractical. Even when the valid-
ity of the resonance approximation is marginal, such an
approximate estimate could provide a handy tool for ex-
ploring complicated pumping models (e.g. Ref. 11,16,24)
and identifying the relevant physical parameters. For
simplicity, we restrict this discussion to zero tempera-
ture.
To leading order in the coupling strengths λα, the pa-
rameters of the resonant level in Eq. (11) are given by the
eigenstate of the decoupled Hd(t) which is the closest to
the Fermi energy µ. Therefore, the following algorithm
can be formulated:
1. Diagonalize Hd(t) (analytically or numerically), to
get the spectrum {ǫm(t), |ψm(t)〉}.
2. Calculate the time-dependent decay widths
Γmα (t) =
〈
ψm(t)
∣∣Γˆα(E = µ)∣∣ψm(t)〉 and
shifted energy levels ǫ′m(t) = ǫm(t) +〈
ψm(t)
∣∣Eˆ(E = µ)∣∣ψm(t)〉.
3. For every m, find all such times tm,j when the res-
onance condition ǫ′m(tm,j) = µ is satisfied.
4. At each resonance time t = tm,j , compute the cor-
responding partial charge qm,jα = eΓ
m
α /
∑
α′ Γ
m
α′ .
5. Calculate the total pumped charge as
QRα = −
∑
m,j
qm,jα sgn ǫ˙
′
m(tm,j) , (27)
or set QRα = 0 if no resonances were found in step 3.
The application of this algorithm is justified under the
conditions listed in the beginning of this section. The
most important condition is the consistency of the per-
turbation expansion, Γmα (tm,j)≪ ∆(tm,j), where ∆(t) is
the level spacing of Hd(t) at the Fermi surface.
The algorithm will fail for certain values of the ad-
justable (not pumping) parameters of the model, for
which the number of resonance points found in step 3
changes. This change corresponds to the appearance (or
annihilation) of a pair of loading/unloading resonances.
Such a crossover is usually manifested by a sharp change
(a step)16,24 in the total pumped charge, as function of
the model parameters.
IV. EXAMPLE: TURNSTILE MODEL
We illustrate the resonance approximation by a simple
example of a single energy level with adiabatically vary-
ing couplings to the left and right reservoirs (single level
turnstile model15). Applications to more complicated
models, such as pumping by surface acoustic waves24,
will be reported elsewhere.
A. The turnstile pumping model
The single level turnstile model, discussed in Ref. 15,
can be described as a special case of the general Hamil-
tonian (1), with N = 1 site (and a single energy h11 = ǫ)
on the QD and with L = 2 leads, denoted by α = l, r.
It is now convenient to use a slightly different notation:
Consider an infinite chain of tight binding (TB) sites,
enumerated by n = 0,±1, . . .. The site n = 0, which
represents the QD, has a time-independent energy ǫ and
7defines Hdres = ǫ d†d, with eigenstate |ψ〉. The sites with
n > 0 (n < 0) form the right (left) single-mode TB lead:
Hlα = −
±∞∑
n=±1
J
(
c†ncn±1 + c
†
n±1cn
)
, (28)
where the upper sign refers to α = r. The coupling
operators are Lα =
√
Xα(t)J c
†
±1d, with the two time-
dependent pumping parameters Xα = λ
2
α.
The Hamiltonian of the leads (28) is characterized by
the dispersion relationEk = −2J cos ka and the retarded
Green’s function
[Glα]nm =
eika|n−m| − eika|m+n|
i2J sinka
, (29)
where a is the nearest-neighbor distance. The self-energy
operator [Eq. (8)] is Σˆ = −(Xl +Xr)J eika d†d.
We consider the zero temperature limit and
parametrize the on-site energy as ǫ = (−2 + δ)J cosκa,
where the dimensionless parameter δ is a measure of the
de-tuning of the isolated level ǫ from the Fermi energy
µ = −2J cosκa in the leads. Near the band bottom one
has δ ≈ (ǫ− µ)/J .
The resonance parameters at the Fermi surface are
Γα = 2Xα J sinκa ,
E0 = (−2 + δ −Xl −Xr)J cosκa . (30)
Both Γα and E0 depend on time via the time-dependent
couplingsXα, which span the parameter space {Xl, Xr}.
The resonance condition E0 = µ defines the resonance
line, Xl + Xr = δ. For an explicit calculation, we next
choose the pumping contour to be a square with corners
at points A(X1;X1) and C(X2;X2), as used in Ref. 15
(This is shown in Fig. 2a, which forms an explicit example
of Fig. 1).
The necessary conditions of Sec. III, for having distinct
resonances, are satisfied only at the bottom of the TB
band (sinκa≪ cosκa). As we gradually increase δ from
zero, the resonance line in Fig. 2a moves in the direction
indicated by the small arrow. The resonance line crosses
the contour only if 2X1 ≡ δ1 < δ < δ3 ≡ 2X2. Therefore,
within the resonance approximation we have
QR/e = 0, if δ < δ1 or δ > δ3. (31)
For the direction of the contour shown by the arrows
in Fig. 2, the resonance point B corresponds to loading
of the dot mostly from the left (Γl > Γr). Its comple-
mentary resonance point D is associated with unloading
mostly to the right (Γl < Γr). This interpretation is
illustrated in Fig. 2b.
At the lower left part of the contour, δ < δ2 = (δ1 +
δ3)/2 = X1+X2, the resonance points are D(X1, δ−X1)
and B(δ − X1, X1). The partial charges pumped from
the left [using Eqs. (21) and (30)] are
∆QDl = −e
2Xl J sinκa
2(Xl +Xr)J sinκa
= −eX1
δ
, (32)
∆QBl = e
δ −X1
δ
, (33)
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FIG. 2: (color online) (a) The pumping contour A-B-C-D-
A and the resonance line B-D for the single level turnstile
model15. (b) Interpretation of the pumping cycle on an en-
ergy diagram. A: The effective energy level E0 is above the
chemical potential µ, the dot is empty. B: Loading process
with preference to the left-coming electrons. C: The level
E0 is below µ, the dot is occupied. D: Unloading process
with preference to the right-going electrons. The asymmetry
between B and D creates the non-vanishing total pumped
charge. The arrows indicate schematically the direction and
the relative magnitude of the current pulses caused by each
resonance.
where we have used sgn E˙0 = sgn
d
dt (−Xl−Xr) = +1 for
point D. The net pumped charge is thus
QR/e = QRl /e = (∆Q
D
l +∆Q
B
l )/e = −QRr /e
= 1− (δ1/δ), if δ1 < δ < δ2. (34)
A similar analysis for crossing at D(δ − X2, X2) and
B(X2, δ −X2) (when δ2 < δ < δ3) yields
QR/e = (δ3/δ)− 1, if δ2 < δ < δ3. (35)
Our resonance approximation results for QR/e are
shown for some typical parameters (together with the
exact results, see below) in Fig. 3. These results agree
qualitatively with those of Refs. 11 and 16: QR/e reaches
its maximum value (X2−X1)/(X1+X2) at δ = δ2, where
the resonance points B and D are farthest away from
the resonance point M , which occurs at X1 = X2 = δ/2.
Note that QR/e approaches the quantized value 1 when
X2/X1 →∞, i.e. when the transmission at the resonance
points (related to 4X1X2/(X1+X2)
2, via Eq. (23)) van-
ishes. This is consistent with Ref. 11, which required that
“a large part of the resonance line” be surrounded by the
pumping contour.
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FIG. 3: (color online) Pumped charge (in units of e) as a
function of δ for X1 = 1/50, X2 = 1/5 and κa = pi/20, calcu-
lated within the resonance approximation (QR, blue contin-
uous line) and exactly (Q, dashed line). Thick bars on the
δ axis mark the resonance widths ±Γ/J around the special
points δ1,2,3, where deviations from the the exact result are
anticipated. Inset: Absolute error of the resonance approx-
imation, (QR − Q)/e, for the same values of δ. The thick
dotted line corresponds to QR calculated from the transmis-
sion maxima, see text for details.
B. Comparison with exact results
The formula (13) for the resonance current is exact
in our case. Substitution of Eq. (30) into Eq. (13) and
integration over the contour A-B-C-D gives the total
pumped charge in the form
Q =
e
π
∫
dX [F (X,X1)− F (X,X2)] , (36)
where
F (X,Z) =
(δ − 2Z) sinκa cosκa
(δ −X − Z)2 cos2 κa+ (X + Z)2 sin2 κa .
(37)
This result was obtained in Ref. 15 using the time-
derivatives of the scattering matrix.
In Fig. 3 we compare the exact Q and the approximate
QR. As the resonance line in Fig. 2 moves from point A
to C, the pumped charge rises from zero to a maximum,
close to (X2−X1)/(X2+X1), and then falls back towards
zero. Except for the vicinity of the special points δ =
δ1, δ2 and δ3, there is an excellent agreement between
Eqs. (31,34,35) and Eq. (36).
The most significant source for deviations of the exact
pumped charge Q from the separated resonance result
QR is the term proportional to Γ˙α in the expression of
the pumping current (13):
Q−QR ≈ e
2π
∫
dΓα (E0 − µ)
(µ− E0)2 + (Γ/2)2 (38)
In our example, Eq. (30) yields dΓα/dE0 = Γ˙α/E˙0 =
−2 tan(κa) when the resonance is on an edge of the con-
tour curve where only Xα varies. Thus, the integral in
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FIG. 4: Time traces of the transmission coefficient Tlr along
the pumping contour for six values of δ, increasing with con-
stant intervals from top to bottom. Two complementary
resonances B and D (marked with arrows) are observed for
δ1 < δ < δ3 when the pumping contour crosses the resonance
line (cf. Fig. 2a). Thick bars on the δ-axis mark the regions
where the loading/unloading pumping mechanism fails.
Eq. (38) is negligibly small as long as the distance be-
tween the resonance point and a corner of the square con-
tour is larger than Γ/J . Indeed, this agrees with Fig. 3,
where the regions |δ − δi| < Γ/J are indicated by hori-
zontal bars on the δ-axis.
Figure 4 shows the Breit-Wigner transmission coeffi-
cient Tlr , calculated from Eqs. (23) and (30) as a func-
tion of time (defined homogeneously along the pumping
contour) for several values of δ. As δ is increased from
zero, a single peak develops at δ = δ1, then splits into
two independent resonances B and D, which move along
the pumping contour and finally merge at δ = δ3 and dis-
appear. By comparing Fig. 4 to Fig. 3 one can follow the
correlation between the presence of separate well-defined
transmission peaks and the validity of the resonance ap-
proximation for the pumped charge.
C. Relation to transmission
The quantitative relation between the pumped charge
and the transmission (conductance) has been discussed
in Sec. III B. In order to illustrate this discussion, let
us assume that the transmission traces (Fig. 4) are the
only available data for our two terminal system. One
observes two resonances in the range δ1 < δ < δ3 – both
giving the same value of the peak transmission Tmax.
One of the resonances represents loading, contributing
∆Qresα > 0, while the other one necessarily represents un-
loading (with ∆Qresα < 0). If we make a mistake at this
stage and take the wrong sign in Eq. (22), it will only
change the assumed pumping direction, QR → −QR.
Let us treat the first resonance as loading and calcu-
9late the partial charge pumped from the left reservoir,
∆Qresl > 0. Solution of Eqs. (22) and (24) gives two
roots, ∆Qres = e(1 ± √1− Tmax)/2, and one must de-
cide which of the two corresponds to ∆Qresl . The same
dilemma holds for the second resonance. Considering all
four options yields three possible answers QR = ±Q′ and
0, where Q′ = e
√
1− Tmax. The correct result (QR = Q′)
may be chosen as the one which gives the best fit to the
data of the pumping calculation/experiment. Once the
uncertain signs have been chosen correctly, there is no
need to repeat this “trial-and-error” procedure, since the
contour changes continuously. Of course, if some fea-
tures of the pumping contour design are known (such as
which coupling is dominant in different regions), the sign
uncertainties are much easier to resolve.
The result of the above calculation, |Q − QR|/e, is
shown in the inset of Fig. 3 by a thick dotted line. One
can see that both ways of calculating QR (from the an-
alytic expressions (31,34,35) and from using the peak
transmission) give similar small deviations from the exact
value Q of the pumped charge.
We now leave our specific example, and consider Eq.
(38) for a general resonance. As seen in the example,
the integral in Eq. (38) becomes non-zero whenever
γα = Γ˙α/E˙0 is not a time-independent constant during
the whole resonance. For non-constant γα, the largest
deviation |Q − QR| arises when γα changes sign exactly
at the resonance point E0 = µ; one then finds that
|(Q − QR)/QR| < xmax |γα|, where x is a number of
order unity, which depends on the details of the contour.
These considerations justify Condition No. 3 in the be-
ginning of Sec. III.
V. CONCLUSIONS
We have considered a general model of adiabatic quan-
tum pumping of spinless non-interacting electrons, in the
coherent resonant tunnelling regime. In the limit of dis-
tinct transmission resonances along the pumping con-
tour, the pumped charge is given by a sum of individual
contributions due to each resonance. During each res-
onance one electron either enters or leaves the system,
with the probability distribution between different reser-
voirs given by the corresponding tunnelling rates Γα/~.
We have clarified the role of quantum coherence in the
resonance-assisted pumped charge quantization by show-
ing that quantization arises due to population of discrete
resonant states with preference to a single reservoir in
each resonance. A quantitative and experimentally veri-
fiable relation between the pumped charge and the peak
conductance has been proposed. The resonance approxi-
mation also provides a simple calculational algorithm for
analyzing complex pumping potentials.
Our results remain valid if (1) the spacing ∆ between
different resonant levels is much larger than Γα, kT ; (2)
the relative magnitude of the couplings Γα to different
reservoirs does not change much during a resonance; (3)
the adibaticity condition ~E˙0 ≪ max(Γ, kT ) is not vio-
lated.
Systematic extension of the resonance approximation
to the situations when electron-electron interactions can
not be neglected is a question of further study.
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APPENDIX: FORMULA FOR THE PUMPED
CURRENT
In this Appendix, we use standard scattering theory
relations26,37 to derive Eq. (6) from Eq. (5). The scat-
tering states |χkα〉 can be obtained from the Lippman-
Schwinger equation
|χkα〉 = (1 +GL†α) |wkα〉 , (A.1)
whereG = (E+i0−H)−1 is the retarded Green’s function
taken at energy E = Ekα. The time t enters Eq. (A.1)
as a parameter.
Defining projection operators Pˆ d and Pˆα onto the QD
and onto lead α, one has
Hd = Pˆ dHdPˆ d, Gd = Pˆ dGdPˆ d, PˆαHPˆα′ = δαα′Hlα,
Lα = LαPˆ
d = PˆαHPˆ d, Pˆ d |wkα〉 = 0, (A.2)
and therefore
Mdα ≡
〈
χkα
∣∣H˙d∣∣χkα〉 = 〈wkα∣∣LαG†dH˙dGdL†α∣∣wkα〉.
(A.3)
To derive Eq. (7), we start from (E −H)G = I, mul-
tiply from the right by Pˆ d and from the left by Pˆα and –
using the identity Pˆ d +
∑
Pˆα = I – obtain the relation
PˆαGPˆ
d = GlαLαGd. A similar multiplication from the
left by Pˆ d then yields Eq. (7), with
Σˆ =
∑
α
L†αG
l
αLα, (A.4)
which is equivalent to Eq. (8).
Similarly, the time dependance of the coupling
strengths λα(t) contributes to the current Iα via the
matrix element M lα =
∑
α′
〈
χkα
∣∣L˙α′∣∣χkα〉 + h.c. Using
the trivial relations L˙α = (λ˙α/λα)Lα and Pˆα′ |wkα〉 =
δαα′ |wkα〉, a straightforward calculation gives:
M lα =
〈
wkα
∣∣Lα
[
G†d
˙ˆEGdL†α +
λ˙α
λα
(
Gd +G
†
d
)]
L†α
∣∣wkα〉 .
(A.5)
The normalization to the unit flux,
〈wkα|wk′α〉 = (2π/vkα) δ(k − k′) implies that
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Pˆα =
∫
(dk/2π)vkα |wkα〉 〈wkα|. Using also the standard
relation i(Glα − Gl†α ) = |wkα〉 〈wkα| /~, we find the
relation
~Γˆα = L
†
α |wkα〉 〈wkα|Lα . (A.6)
Introducing the trace over the QD’s subspace, using (A.6)
in Eqs. (A.3) and (A.5), and substituting the results into
Iα = (Mdα +M lα)/~, we finally end up with Eq. (6).
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